Properties of neutron-rich 22 C are studied using the mean-field approach with Skyrme energy density functionals. Its weak binding and large total reaction cross section, which are suggested by recent experiments, are simulated by modifying the central part of Skyrme potential. Calculating E1 strength distribution by using the random-phase approximation, we investigate developments of low-lying electric dipole (E1) strength and a contribution of core excitations of 20 C. As the neutron Fermi level approaches the zero energy threshold (εF > ∼ −1 MeV), we find that the low-lying E1 strength exceeds the energy-weighted cluster sum rule, which indicates an importance of the core excitations with the 1d 5/2 orbit.
I. INTRODUCTION
The neutron drip-line nucleus 22 C is the heaviest Borromean system that we have found so far. An early study for 22 C was done by two of the present authors (W.H. and Y.S.) [1] with a three-body model of 20 C + n + n and predicted an s-wave dominance of 22 C showing a large matter radius r rms = 3.58 -3.74 fm which is comparable to those of medium mass nuclei. Recently Tanaka et al. [2] measured a very large total reaction cross section on a proton target and a simplified three-body model analysis gives an empirical matter radius 5.4 ± 0.9 fm which is so large that is comparable to the radius of 208 Pb. Gaudefroy et al. [3] measured masses of several neutronrich nuclei and found a very small two-neutron separation energy, S 2n = −0.14 ± 0.46 MeV, of 22 C. The small S 2n implies the two-neutron halo structure having the large matter radius.
This large matter radius has attracted great attention. Since 22 C has large uncertainly of the two-neutron separation energy and the property of an unbound 21 C nucleus is not well known, several theoreticians try to constrain the binding energy from that empirical matter radius [4, 5] . The extended neutron orbits in the ground state affect the low-lying excitation of 22 C. Large enhancement of the low-lying electric dipole (E1) strength was predicted in a three-body model with small twoneutron separation energy [6] .
The low-lying E1 strength in medium-mass and heavy nuclei, which is often called pygmy dipole resonance (PDR), is of particular interest in relation with the properties of the neutron matter [7] . However, this excitation mechanism is not understood well with regard to whether the mode is collective, single-particle excitations or not. Also it is interesting to ask a question of whether or not the enhancement of the low-lying E1 strength is universal in neutron-rich nuclei.
Though some theoretical works are devoted to understand the structure of 22 C, all discussions are based on a three-body model which is often employed to describe light halo nuclei. The three-body model seems to also work well for 22 C because the s-wave dominance, being associated with the N = 14 subshell closure, is confirmed [2] . On the other hand, as is pointed out in Refs. [8, 9] , the robustness of the N = 14 subshell closure is weakened in very neutron-rich nuclei. Therefore a study without an assumption of the frozen 20 C core is desired for deep understanding of the structure of 22 C. In this paper, we present a detailed analysis of the structure of 22 C without assuming the 20 C core through its low-lying E1 strength. We calculate the ground state properties and the low-lying E1 strength with the mean-field approach, namely, Hartree-Fock (HF) calculation and random-phase approximation (RPA) with the Skyrme density functional. The calculation is performed in a self-consistent manner.
The manuscript is organized as follows. Section II reviews briefly the HF and RPA calculation. In Sec. III, we analyze the ground state properties of 22 C obtained with original Skyrme interactions. To reproduce the halo structure in 22 C, we search for the best parameters of the Skyrme interaction and tune them accordingly. The validity of the interaction is tested by analyzing the total reaction cross sections in comparison with the experimental ones. We discuss in detail the low-lying E1 strength and the excitation mechanism. Conclusions are given in Sec. IV.
II. MODELS
We perform the HF calculation for 22 C with the Skyrme interaction. The ground state is obtained by minimizing the following energy density functional [10] ,
For the ground state, the nuclear energy E N is given by a functional of the nucleon density ρ q (r), the kinetic density τ q (r), the spin-orbit-current density ∇ · J q (r) (q = n, p). The Coulomb energy E C among protons is a sum of direct and exchange parts. The exchange part is approximated by means of the Slater approximation, ∝ dr ρ p (r) 4/3 . Every single-particle wave function φ i (r) is represented in the three-dimensional grid points with the adaptive Cartesian mesh [11] . All the grid points inside the sphere of radius R box = 50 fm are adopted in the model space. All the single-particle wave functions and potentials except for the Coulomb potential are assumed to vanish outside the sphere. For the calculation of the Coulomb potential, we follow the prescription in Ref. [12] . The differentiation is approximated by a finite difference with the nine-point formula. The ground state is constructed by the imaginary-time method [13] with the constraints on the center-of-mass and the principal axes
On top of the ground state obtained by the Skyrme-HF, we calculate low-lying E1 strength using the RPA approach [14] . We calculate the linear response for the E1 external field V ext at a fixed complex energy ω = E + iγ/2 by an iterative solver, the generalized conjugate residual method [15] . The imaginary part of the energy is fixed at 0.5 MeV, corresponding to smearing with γ = 1.0 MeV. The calculation is done self-consistently with the Skyrme energy functional, including time-odd densities. The residual field δh (= (∂ 2 E/∂ρ∂ρ)·δρ) induced by V ext contains all the terms including the time-odd components, the residual spin-orbit interaction, and the residual Coulomb interaction. To facilitate an achievement of the self-consistency, we use the finite amplitude method (FAM) [16] [17] [18] [19] [20] [21] [22] [23] . The FAM allows us to evaluate the selfconsistent residual fields as a finite difference, employing a computational code for the static mean-field Hamiltonian alone with a minor modification.
In the RPA, the transition density δρ at a complex energy ω is expressed, with the forward and backward amplitudes, X i (ω, r) and Y i (ω, r), as
where i runs over the occupied orbits and the spin indices are omitted for simplicity. In this article, we consider an E1 operator for the external field
and similar operators for D x and D y . The E1 strength for a real frequency ω = E is expressed by where |n are energy eigenstates of the total system. For the complex energies ω, the E1 strength becomes
The calculated strength is interpolated using the cubic spline function. The computer program employed in the present work has been developed previously [16] [17] [18] .
III. RESULTS AND DISCUSSION

A. Ground state properties
Here we test the ground state properties calculated within the HF approximation. We adopt a variety of Skyrme functionals; SIII [24] , SLy4 [25] , SGII [26] , SkM * [27] , SVmin [28] , UNEDF0, UNEDF1 [29] , SkI2, SkI3, SkI4, and SkI5 [30] . Figure 1 shows the calculated ground state properties of 22 C. All these Skyrme interactions produce root-mean-square (rms) radii in the range of r rms = 3.03 − 3.34 fm, which is smaller than that obtained by the three-body model, 3.58 -3.74 fm [1] and the experimental value, 5.4 ± 0.9 fm. These small calculated radii are connected with the single-particle energy of the 2s 1/2 orbit. As shown in Fig. 1 (b) , the 11 Skyrme parameter sets yield the neutron Fermi level ε F ∼ −1.9 − −3.9 MeV, too deep for a halo nucleus. The SIII interaction produces the most loosely bound Fermi level with ε F = −1.89 MeV.
All Skyrme interactions we choose produce spherical ground states of 22 C and oblate ground states of 20 C with quadrupole deformation β 2 ∼ −0.23 − −0.33. The two-neutron separation energy S 2n , calculated as the difference in the HF ground state energies between 20 C and 22 C, is presented in Fig. 1(c) . The observed S 2n = 0.14 ± 0.39 MeV [3] is smaller than any of those calculated values. This discrepancy can be partially attributed to the rotation correction for deformed 20 C, which requires the beyond-mean-field calculation.
The pairing correlation may play some role in these nuclei. To estimate its effect, we perform the HartreeFock-Bogoliubov (HFB) calculations with three different Skyrme functionals (SIII, SkM * , and SLy4), using available numerical codes of HFBRAD [31] and HF-BTHO [32] . The adopted pairing energy functional produces the average neutron pairing gap of 1.245 MeV for 120 Sn. We examine the volume, sureface, and mixed types of pairing interactions. For 22 C, the pairing gap is calculated to vanish with the volume-and mixed-type pairing. Only the surface-type pairing produces the finite pairing gap in the ground state. All these calculations predict the spherical shape for 22 C. The surface pairing reduces the two neutron separation energy of 22 C, which are calculated with HFBRAD as S 2n = 0.59, 0.78, and 1.03 MeV for SIII, SkM * , and SLy4, respectively. However, it hardly changes the rms radius. The largest calculated radius for 22 C is 3.24 fm with the SLy4. This is still significantly smaller than the value of 5.4 ± 0.9 fm suggested by experiment [2] .
B. Adjustment of potential
The neutron Fermi level is a key ingredient to characterize the neutron drip-line nuclei. References [2, [4] [5] [6] analyzed the large reaction cross section σ R by using the 20 C + n + n model and concluded that the neutron Fermi level should be the s orbit having the single-particle energy ε F ∼ 0 MeV to reproduce the large σ R and the corresponding large matter radius. In this paper, in order to adjust the matter radius and the neutron Fermi level, we simply multiply the parameter t 0 in Skyrme interaction by a factor f 0 , which changes the mean-field central potential. Taking smaller value of f 0 < 1, the rms matter radius becomes larger and the 2s 1/2 orbit becomes more loosely bound. Figure 2 shows the case of the SIII interaction. As is pointed out in Ref. [9] , the single-particle energy of 1d 5/2 orbit, ε d5/2 , is more sensitive to the depth of the central potential, rather than 2s 1/2 orbit. This orbit dependence of sensitivity is known to be partially responsible for the change of magicity in neutron-rich nuclei. We change the factor f 0 while keeping 2s 1/2 orbit being the neutron Fermi level, for comparison with results of the 20 C + n + n model. We find that the modified SIII interaction can produce the largest matter radius among the 11 Skyrme interactions we choose. The SIII interaction is able to achieve ε F = −0.50 MeV on setting f 0 = 0.884, in which the 2s 1/2 and 1d 5/2 orbits are almost degenerate (ε d5/2 = −0.58 MeV). This modified SIII interaction with f 0 = 0.884 yields large σ R comparable to the experimental value, which will be discussed in the next subsection. Hereafter we use the modified SIII interaction unless otherwise specified. When f 0 = 0.884, the rms radius of 2s 1/2 orbit becomes 7.20 fm and the proton and neutron radii are 2.78 and 4.23 fm, respectively. The rms matter radius 3.89 fm is larger than the predicted value of Ref. [1] but smaller than the experiential value [2] estimated from σ R using a three-body model.
It should be noted that the S 2n value decreases monotonically as the mean-field central potential becomes shallow, and turns out to be negative when f 0 = 0.884. Therefore, if we set ε F = −0.50 MeV, 22 C is unbound with respect to 20 C due to the deformation in the present calculation. The pairing correlation may improve this undesirable situation of 22 C. Constructing a new parameter set suitable for describing very neutron-rich nuclei is important but it is beyond the scope of the present work.
C. Total reaction cross section: Glauber model analysis
By calculating total σ R for nucleus-nucleus collision, we test the validity of the modified interaction. A high-energy collision is described in the Glauber formalism [33] . The σ R is calculated by
where χ(b) is a phase shift function describing the collision and the integration is done over an impact parameter b between the projectile and the target. Here we use an optical limit approximation (OLA) which offers a simple expression that only requires one-body density distributions of the projectile, ρ P (r P ), and target, ρ T (r T ). In the OLA, the phase shift function is expressed by
where s P (s T ) is the transverse component of the projectile (target) coordinate and Γ N N is the nucleon-nucleon profile function whose parameters are fitted to reproduce the nucleon-nucleon collisions, and thus the model has no ad hoc parameter. The parameter sets used here are listed in Ref. [34] . The OLA ignores some higher multiple scattering effects and usually overestimates slightly the σ R [35] . We employ another expression, called nucleontarget formalism in the Glauber model (NTG), which includes the multiple scattering effects, but requires the same input as the OLA [36] . The power of this formalism is confirmed in systematic analysis for carbon [1, 35] and oxygen [37] isotopes as well as light neutron rich nuclei with Z = 10 − 16 [38] . We use the OLA for a proton target and the NTG for a carbon target in the present analysis.
When the modified SIII interaction is employed, the calculated σ R on a proton target incident at 40 MeV is 1040 mb. Though the incident energy is too low for the Glauber approximation to be applied for a proton target, the σ R appears close to the measured cross sections 1338 ± 274 mb [2] within the error bar, whereas the original SIII interaction gives smaller σ R , 821 mb. The modified SIII interaction is more realistic than the original one for simulating the ground state of 22 C. The σ R of 22 C on a carbon target is predicted to be 1480 and 1600 mb incident at 240 and 900AMeV, respectively, when the modified SIII interaction is employed. The obtained σ R s for both proton and carbon targets are consistent with those obtained by the three-body calculation [1, 34, 35] . 
D. Low-lying E1 strength
Next we discuss the low-lying E1 strength obtained by the self-consistent RPA calculation. Figure 3 demonstrates how the low-lying E1 strength develops as the neutron Fermi level ε F gets closer to zero energy. We calculate the low-lying E1 strength with the original SIII interaction (ε F = −1.9 MeV), together with the modified interactions that give ε F = −1.0 MeV, ε F = −0.70 MeV (corresponding to adjusting the rms matter radius to 3.7 fm [1] ), and ε F = −0.50 MeV. The arrows denote the absolute value of ε F , indicating the threshold of excitation to the continuum states. The E1 strength rises up not from the threshold but from zero excitation energy because we calculate the response function at a complex energy with 0.50 MeV of imaginary part. In the case of the original SIII interaction, no prominent E1 strength is found. As the Fermi energy ε F approaches zero energy, the low-lying E1 strength develops, especially at ε F > ∼ −1.0 MeV. This trend is known through the result of the three-body cluster model assuming an inert core [6] . When ε F = −0.50 MeV, summed E1 strengths up to 3.0, 4.0 and 5.0 MeV are 1.38, 1,65, and 1.85 e 2 fm 2 , respectively, which is comparable to the strength of 11 Li [39] .
We apply the same factor f 0 = 0.884 for 24 O, which corresponds to setting ε F = −0.5 MeV in 22 C. Even though both 22 C and 24 O are neutron drip-line nuclei, additional two protons shrink the matter (neutron) radius, 3.89 fm → 3.42 fm (4.23 fm → 3.64 fm), and shift down the neutron Fermi level by 1 MeV. Consequently, the low-lying E1 strength of 24 O is not prominent, as shown in Fig. 3 . 
E. Comparison with giant dipole resonance
An interesting property in drip-line nuclei is the large low-lying E1 strength comparable with that of the giant dipole resonance (GDR). The full E1 strength distribution with ε F = −0.5 MeV is shown in Fig. 4 . Some oscillations appearing at around the excitation energy ω ∼ 5 − 10 MeV come from the discretized continuum state and others from proton single particle-hole excitations from bound to bound states such as 1p 3/2 → 1d 5/2 . The peak height of the low-lying E1 strength in the present calculation is higher than that of the GDR. This is very unusual. The peak height of the observed lowlying E1 strength (PDR) in heavy neutron-rich nuclei such as 132 Sn [40] is always lower than half of the height of the GDR. In fact, the calculated low-lying E1 strength carries about 1/3 of the total E1 strength. Though the peak height depends on the smearing width γ, we confirm that the peak of low-lying E1 strength is higher than the GDR when γ < ∼ 3 MeV. Our calculation demonstrates that the "pygmy" dipole resonance could be a "giant" low-lying dipole resonance in neutron drip-line nuclei. The energy-weighted sum of E1 strength is also plotted in Fig. 4 , but its discussion will be given later in Sec. III F.
In Fig. 5 , we plot the dipole transition densities
of protons and neutrons at the peaks of the low-lying E1 (1.1 MeV) and the GDR (17.0 MeV). The GDR transition densities display out-of-phase densities between protons and neutrons, which is typical for the GDR. Because of the halo structure in the ground state, the neutron transition density of the GDR has an oscillating extended tail. For the low-lying E1 case, the transition densities look like the oscillation of the outer neutron against the inner core, namely, the protons and neutrons inside the core nucleus oscillates in phase and only those neutrons residing far outside the core move out of phase against the inner core, similar to the classical picture of PDR [41] . Due to the loosely bound Fermi level with ε F = −0.50 MeV, the neutron transition density has a quite long tail spreading to r ∼ 25 fm, which indicates excitations from 2s 1/2 orbit to the low-energy continuum states.
F. Cluster sum rule value
The sum rule is useful for a qualitative estimation of the contribution of the low-lying E1 strength. The energy-weighted sum rule is given by
This is known as the classical Thomas-Reiche-Kuhn (TRK) sum rule. The calculated low-lying E1 strength carries a sizable contribution despite the quite small excitation energy. As shown in Fig. 4 , the low-lying E1 strength distribution exhausts 6.2, 11.0 and 15.4 % of the TRK sum rule when the strength is accumulated up to the excitation energy 5, 8 and 10 MeV, respectively. This is comparable to 6 He [42] and 11 Li [43] , and is larger than those of the observed PDRs in heavier nuclei.
The low-lying E1 strength in light nuclei such as He and Be isotopes is often analyzed with use of the cluster model. Suppose that 22 C has a cluster-like structure, i.e., two neutrons coupled to the 20 C core. Then the energyweighted cluster sum rule is evaluated as [44, 45] S clus = 9e
The cumulative energy-weighted sum value, the case of ε F = −0.50 MeV. Even for ε F = −0.70 MeV or −1.0 MeV, it exceeds S clus at E c = 3.9 MeV and 5.0 MeV, respectively. This means that the three-body model with the 20 C core and two neutrons is not supported in the present approach at least for ε F > ∼ −1.0 MeV. Exceeding the cluster sum rule indicates some other contributions coming from a core excitation, such as excitations from 1d 5/2 orbit. Due to the core excitation, the non-energy-weighted cluster sum rule in fact does not work for the investigation of the calculated lowlying E1 strength. In the following, we show that a simple picture of the PDR, two valence neutrons oscillating against the 20 C core, is not fully supported by the present calculation. Contributions of the core excitation are present and discussed in the Sec. III G G. Core excitation: Role of d 5/2 state As is mentioned above, the neutron excitations from 1d 5/2 orbit may contribute to the low-lying E1 strength. Moreover, the calculated low-lying E1 strength has a large tail at excitation energy ω > ∼ 2 MeV (See Fig. 3) , in contrast to those of the three-body calculation [6] . This difference supports some contributions of 1d 5/2 orbit. Figure 6 demonstrates that the excitations from 1d 5/2 orbit play a role of enhancing the E1 strength. We plot the neutron transition densities at a peak of the E1 strength, 1. sition densities are decomposed to the occupied orbits, namely, the decomposed ones are calculated by Eqs. (3) and (9) but the index i runs over only the corresponding orbits and the sum of them is equal to the transition density in Fig. 5 . At the peak position, the decomposed transition densities are divided to that of 2s 1/2 orbit and the others. The transition density of 2s 1/2 orbit has a long tail up to r ∼ 25 fm, describing excitations to the low-energy continuum state. The other transition densities (including proton transition densities) have the sign opposite to the 2s 1/2 transition density and their contributions are small at r > ∼ 5 fm, suggesting a recoil of the 20 C core. Therefore, the transition densities at 1.1 MeV show that two neutrons are excited to continuum state and go away from the remaining core. Our RPA calculation produces results similar to the three-body cluster model at the peak position [6] . Nevertheless, it is seen even in 1.1 MeV state that a part of neutrons in 1d 5/2 orbit is also excited to the continuum state. As excitation energy increases, the 2s 1/2 transition density gradually becomes small, whereas the contribution of 1d 5/2 → continuum states develops and eventually become comparable to that of 2s 1/2 orbit at 5.0 MeV excitation energy. This 1d 5/2 contribution lifts the E1 strength at E > ∼ 2 MeV and produces the long tail of the low-lying E1 strength.
Comparison of low-lying E1 strengths calculated with the same ε F but different interactions shows more clearly the role of the 1d 5/2 orbit because the low-lying E1 strength distribution in neutron drip-line nuclei is not sensitive to the interaction itself used in calculation, but sensitive to the single-particle properties near the Fermi level. The upper panel of Fig. 7 shows the low-lying E1 strength obtained by setting ε F = −1.0 MeV with the SIII and SLy4 interactions. The SLy4 (SIII) interaction with ε F = −1.0 MeV yields ε d5/2 = −1.1 MeV (−2.0 MeV). While the peak position of the low-lying E1 strength is almost the same due to the same ε F , the E1 strength with SLy4 is larger than that with SIII. This originates from the 1d 5/2 orbit, as shown in the lower panel of Fig. 7 which compares the decomposed transition densities at the peak positions. The 2s 1/2 transition densities are quite similar to each other but clear difference is seen in the 1d 5/2 transition densities at r ∼ 7 − 20 fm. Such difference, though it is apparently small, enhances the E1 strength by a factor ∼ 1.5. This indicates the importance of the core excitation or explicit treatment of the 1d 5/2 orbit in 22 C.
H. Validity of calculation
Here we comment on the validity and accuracy of our calculation for the low-lying E1 excitation in dripline nuclei. Since the loosely bound 2s 1/2 orbit with ε s1/2 = −0.50 MeV is spatially quite spread and couples with the continuum state by a small excitation energy, a large calculation space is needed to describe the lowlying E1 strength properly. Figure 8 shows the box size dependence of the calculated low-lying E1 strength with γ = 1 MeV for R box = 30, 40, 50, and 100 fm. The summed E1 strength below 5 MeV is not sensitive to R box ; 1.855, 1.809, 1.851, and 1.849 e 2 fm 2 for R box = 30, 40, 50, and 100 fm, respectively. While the E1 strength distributions with R box = 30 and 40 fm have oscillations stemming from discretized continuum states, the result with R box = 50 fm shows practically no oscillation and agrees well with R box = 100 fm. Difference between the calculated E1 strengths with R box = 50 and 100 fm is less than 0.5 % except for very low-energy region, ω < ∼ 0.5 MeV. Thus, the box size R box = 50 fm we employ in this paper is large enough for quantitative study of the lowlying E1 mode with γ = 1 MeV.
Next, let us check the validity of the RPA and the mixture of the spurious state. It is known that the RPA becomes unreliable for low-lying states with very high collectivity, because the RPA assumes the small amplitude nature. This can be examined by investigating the magnitude of forward and backward amplitudes. The RPA breaks down if the backward amplitudes become comparable to the forward ones. For this purpose, we perform the RPA calculation with the diagonalization method by using a revised version of the RPA code in Ref. [46] with the same dipole operator (4) It is worthy to note that the low-lying E1 strengths smeared by Lorentzians (6) with γ = 1 MeV is underestimated compared with those calculated by the diagonalization method which corresponds to a limit of γ → 0 MeV. For example, summations of the E1 strengths below 5 MeV, calculated by the diagonalization method and the response function with γ = 1 MeV, are 2.366 and 1.809 e 2 fm 2 , respectively, for R box = 40 fm. Such underestimation is noticeable for low-lying E1 strengths but not for the GDR region. Small γ is obviously better but requires large calculation space for obtaining converged E1 strength distribution. Thus we employ the γ = 1 MeV in this paper. In addition, we do not take into account the pairing correlation in the present calculations. The pairing correlation does not change the qualitative nature of the E1 strength distribution [47, 48] , but, may enhance the low-energy E1 strength. Therefore, the calculated low-lying E1 strength may become even larger in more realistic calculations.
IV. CONCLUSIONS
We have studied the ground state properties and the low-lying E1 strength of 22 C using the mean-field ap-proach which does not assume the 20 C core. Since the original Skyrme interactions we chose do not give a consistent description of the observed ground state properties such as the nuclear size, we adjusted the central part of the Skyrme potential. When we set the neutron Fermi level ε F > ∼ −1.0 MeV, the obtained total reaction cross section reasonably agrees with the measured value. With ε F > ∼ −0.5 MeV, the calculation predicts the low-lying E1 strength comparable with that of the giant dipole resonance. The energy weighted cluster sum rule assuming a 20 C core is tested. The cumulative E1 strength exceeds the sum rule at very low energy due to the contribution of the "core" excitation. Such large low-lying E1 strength consists mainly of the excitations from 2s 1/2 and 1d 5/2 orbits to the continuum states. As the excitation energy increases, the contribution of 1d 5/2 orbit to the low-lying E1 strength develops and could become comparable to that of 2s 1/2 orbit. A precise measurement of the lowlying E1 strength and a careful analysis of the neutron orbits, e.g., the momentum distribution of 20 C fragment of 22 C breakup [49] , are desired to clarify the role of the core excitation in 22 C.
